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X-Ray Diffraction Effects of Atomic Size in Alloys*

By BERNARD BORIE

Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S. A.

(Recetved 17 August 1956)

To treat the effect of the difference in size of the atoms in a disordered binary alloy, the elastic
model of Huang is modified to treat the two kinds of atoms as two different kinds of distortion
centers in an average lattice. Four effects are predicted: a reduction in the intensity of the funda-
mental reflections by a factor exp [—2M']; a broadening of the short-range-order peaks at higher
(sin 0)/2; a Huang diffuse scattering concentrated near the fundamentals and extended radially
in reciprocal space; and a size-effect modulation in the diffuse scattering. The four effects are
expressed in terms of a single distortion constant. Measurements have been made on a single crystal
of CuzAu quenched from 600° C., and all four of the effects have been observed. Within experimental
error, the magnitudes of all four effects are represented by the same value of the distortion con-

stant,

1. Introduction

In an 4B substitutional solid solution in which the
two kinds of atoms are arranged with less than perfect
order on a set of atomic sites, small local distortions
in the crystalline lattice must exist because of the fact
that the atoms are of different sizes. For the same co-
ordination shell, it is apparent that 44, AB and BB
pairs will have different average interatomic distances,
and that the effect should be most pronounced for the
first several shells. This effect has been shown by
Warren, Averbach & Roberts (1951) to give rise to
modulations in the diffuse X-ray scattering, increasing
in amplitude in reciprocal space linearly with the
distance from the origin. Such modulations were first
observed by Roberts (1954).

Huang (1947) has shown that there is another conse-
quence of this atomic-size effect, and that it should
manifest itself in the diffraction pattern. If we could
measure the interatomic distance for, say, every 44
nearest-neighbor pair to be found in the crystal, we
would find that they are not all the same. The reason
for this is that each pair may be located in a different
distribution of large and small atoms on the sites in
the vicinity of the pair. Of course, such variations in
interatomic distances will also exist for all other co-
ordination shells as well. Huang’s theory shows that
these variations in interatomic distances give rise to a
reduction of the integrated intensities of the Bragg
maxima by a factor

exp [—2M'] = exp [—2B’ (sin? 6)/4?],

and to a diffuse scattering.

It is the object of this paper to extend the work of
Huang and that of Warren et al. to show that both
effects predicted by them should be observed, and
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that they are quantitatively related. The model for
a metallic substitutional solid solution used here is a
modification of that used by Huang.

2. Diffraction theory for an alloy with no order

To make clear the general features of the theory, it is
applied first to the simpler case of a solid solution in
which two types of atoms are randomly distributed
on a set of atomic sites. Consider an alloy for which
there is one atom per unit cell. Let the atomic positions
be given by vectors R, which differ slightly from vec-
tors a, = m,a;+n,a,+7n3a5, 1y, Ny, and n; being in-
tegers and a,, a,, and a; vectors along the edges of
the awverage primitive unit cell of the alloy. Then
R, = a,+3,, where 8, is a small displacement. The
unmodified component of the scattered X-ray inten-
sity is given by

1= mefn €Xp ["k ° (Rm_Rn)] ) (1)

where f,, and f, are the atomic scattering factors of
the atoms which occupy sites m and =, and
k = 2n(s—sg)/A, s and s, being unit vectors in the
directions of the scattered and incident beams.
With the two types of atoms designated as 4 and B,
we compute the contribution to the intensity of all
atom pairs such that one atom is an 4 atom and the
other B, and such that a,,—a, = r,,, is a constant:

I =3 f,fpexp [tk -rp,+ik- (5,-8,)]. (2)

The summation is taken over all such pairs which may
be formed in the crystal. If the crystal is large, the
number of terms in the summation of equation (2)
is very nearly given by 2m  mgzN, where N is the total
number of atoms in the crystal, m, is the fraction of
them which are 4 atoms, and my the fraction which

7



90 X-RAY DIFFRACTION EFFECTS OF ATOMIC SIZE IN ALLOYS

are B. Since only §,, and &, may be different for each
term in the summation, we may write

ip = 2m mpNf,fpexp [iK - Iyl
x{exp [ik * (8,,—8,)])%%

The average indicated is taken over all pairs which
contribute to the summation of equation (2). If
k- (5,,—9,) is sufficiently small, the exponential may
be well approximated by the first three terms of its
series expansion, and I%% may be written

I3 = 2mmpNfyf5 exp [ik -t ){1+iCk - (8,,~8,))%%
— (k- 8,) 2T — (k- 8,)2 W5 +((k - 8,) (k - 8,))7%
3)

At this point it is necessary to introduce a model
for the solid solution which will allow the evaluation
of the various averages of equation (3). Each atomic
site of the crystal lattice is assumed to be occupied
by a spherically symmetrical distortion center. The
distortion center may be one of two kinds, depending
on whether the site is occupied by an 4 or B atom.
The lattice is assumed to be strained by each such
distortion center as though it were a continuous, per-
fectly elastic, isotropic medium, hence according to
an inverse square law. It is assumed that the deviation
of an atom from its undistorted position is given by
the vector sum of the individual strains caused by each
distortion center in the crystal. Then

R, = 2,+3 ¢;T,/|r,|*.
7

The summation is taken over all sites 7 in the crystal
except site n, and the coefficient ¢; is either ¢4 or cp
depending on whether site j is occupied by an 4 atom
or a B atom. Each distortion center j produces a
change in volume in the sample

AV; = dnr?Ar = dnrie;r® = dnc; ,

and, since it is the average lattice which is being
discussed, the net change in volume due to all the
distortion centers must be zero, and hence

mycq+mpep = 0. (4)

We now proceed to evaluate the various components
of equation (3). For an 4 atom at site m and a B
atom at n, we express (5,-8,) by

by
5,—8,) =lcg —=2 ;2 ¢ J
( ) ’ lrmnl j+m,n lrmlls
Tom et X ]
[ Irnml jEm,n Irn1|3
Since r,,, = —I,,, we may write
* rmn
(k- (8,—8,))T% = (catcp) - TE
+ 3 ek [ r””] (5)
jEm,n 48 |rm1|3 Irﬂ.]I3

Because there is no order, the average value of ¢; is
independent of the kind of atoms at sites m and =,
and hence {c;) = mc,+mgcg =0, and (5) reduces to

<k . (8 mn. (6)

Irmnla

We now consider the second and third averages of
(3) and start with an 4 atom at m and a B atom at #:

8,07 = (c4 +CB)

s gl
j#mn’ Tl
Since {c¢;) = 0 for j & m, n, we obtain

. 2
((k . Gm)2 mn ci(k_r"i"_t

(*B,)* = [o5

T

+ (m 4¢% +m pc)

(k ) rmj)2

Tl
Adding and subtracting a term for j = n similar to
those in the sum, and writing similar terms for
{(k-8,)%7%% and expressing cz in terms of ¢, by
equation (4), we obtain finally

Tl ®

x X

i+m,n

#((k - 5,)5 75+ (k- 8,)%0%
m4\2 ¢% (K-Tp,)2 my (k- r,)?
= 1__ﬁ> -4 n c2 > AR Tmi) 7
( mp 2 Irmnls mp A]*m Irmjl6 ( )

The summation which occurs here has been evaluated
by Born & Misra (1940). Using their value for a close-
packed cubic crystal, and introducing the abbreviation

2M', we have
oy - ™4 & (k- ry)° m 4% 337 |k|? (8)
mp “jem Tt mp a

where a, is the cubic unit cell edge.
We now evaluate the last average of (3) and again
start with an 4 atom at m and a B atom at n. We have

(k- 8,)(k - 3,)

k-r,, k-r,; k-r k-r,
= + X c‘———»"—’] [c —m ¢; "’].
’: |rmnl ]#m,nl [rmj|3 4 Irnml3 jEm,n ! ‘rnj|3

Since {c;» = 0 for j + m, n this reduces to
k-r,,)?
(- B ) - 8,)) = —cyp 0t
lrmﬂl
k-r, k-r,
+(mch+mpey) 3 : ;] - (9)
jEmn ]rmjl Irnjl

A method for the precise evaluation of the summation
of equation (9) has not been deduced. Huang (1947)
has approximated it by an integral with the further
approximation that the lower limit of integration is
taken as the value which will give the correct result
for 2M" when this quantity is evaluated as an integral.
Using Huang’s result, expressing ¢z in terms of c,,
and introducing the abbreviation H,,, we have
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k- I‘m]»k . rmj

Hypp = (mych+mpcl) 3 3 3
jE=m,n Irmjl Irmil

_my o 4m|k|? [2 sinfy afsiny 2af cos? y
4 [T 2] BTl 3|rp)?

mp a
The angle y is the angle between the vectors k and
Tmny and the result is specialized for a close-packed
cubic crystal of cubic unit cell size a,. A similar result
may be obtained for other types of crystals.
The results of equations (6)-(10) may now be sub-
stituted into (3), and ¢y expressed in terms of ¢ 4 by
equation (4):

I'iy = 2m mpNf, fp exp [iK * 1,,,]

J . (10)

- (mB_mA.) k ‘ rmn 2 (m.%l—4mAmB+m%)
x{”“’ my Tl A 2m}
k- Timn 2 ’
& ) I l“) —-2M +H,,m}- (11)
mn

Similar expressions may be deduced for I iy and I%%:

. . k-r,,
I = miNf? exp [ik - r,,,] {1 +2ic, i rTa

2 (m‘{—2m3> (K - Tpp)?

—o2M' -
el 2 +H,,,,,}, (12)

m €, k- Ton

mn 2N2 'k_ 11_2
BB mp fB exp [Z rmn]l ? mpy lrmn|3

m3—2mA> (K - r,)

2
+C;1m.-1< ;

—2M’+H,,m}. (13)

The three expressions may be combined to give I™,
the contribution to the intensity of all atom pairs such
that a,—a, = r,, is a constant. The third terms in
each bracket combine to give a term which is propor-
tional to (fy—f5) and rather similar in form to the
part of H,, involving cos? y. If the ratio of f, and [z
is not greater than 4, the third term may be neglected
relative to H,,, in view of the approximations in-
volved in H,,. Dropping the third term, I™ is now
summed over all values of r,, to obtain the total
intensity in electron units. The expression for I™
applies only for m =+ n; for the case m = n, ™ =

N(m fi+mpf3):

5= AR ma ) - 2im e amof s F s ) 4 —f)

k-r,, .
8 2 II‘ |3 exp [Zk : rmn]+ (m.if.i+meB)2
n+=m mn

x X (1-2M'+H,,) exp [ik - r,,] .

n=m

(14)

It is within the approximations made to write
1-2M' = exp [-2M'], which we do to facilitate com-
parison with the theory for thermal motion. In that
part of (14), involving 1—-2M’, we add and subtract
a similar term for n = m. We represent the inter-
atomic vector by r,, = L,a;+La,+l,a;, where a;, aj

and a; are half the usual cubic cell vectors and Lo,
are integers whose sum must be even for a close-packed
cubic crystal. The vector k may be written

k = 2n(h,b;+h,b,y+hsb,) ,
where the by are reciprocal to the a; and hqhyhy are
continuous variables.

With these changes and some re-arrangement, (14)
can be written as the sum of five terms:

I ,
N (myfs+mgfp)? exp [—2M']
x 2 exp [272 (1 kg + 1oy +1h)]

higls

+(mafatmpfp)?(1—exp [-2M'])

2mAC‘.1
+mamp(fa—fp)* = (mafstmpfp)(fa _fBl)li Ir(Tudla) |

X 270 (Iyhy +Lohy + Lshs) sin 200 (L hy + Lok, +1ghs)
+ (mAfA +mpfp)? X H,, exp [tk - Ton) -
nm

(15)

The first part gives rise to the sharp crystalline
reflections, unbroadened by the strains of the size
effect, but reduced in intensity by a factor exp[—2M"].
This effect is entirely analogous to that of thermal
motion.

The second part of the intensity expression also has
an analogue in the diffraction theory of thermal mo-
tion. It is identical in form with the temperature diffuse
scattering for a crystal in which the atoms are as-
sumed to vibrate independently of each other. This
term conserves the intensity lost by the fundamental
crystalline reflections as the crystal is changed from a
state of perfect long-range order to a state of no order.

The third component is the Laue monotonic diffuse
scattering which conserves the intensity associated
with superstructure reflections of a perfectly ordered
crystal.

The size-effect modulation of the diffuse scattering
predicted by Warren et al. (1951) is given by the fourth
part of (15). This term is a consequence of the fact
that 44, AB, and BR pairs of atoms have different
average interatomic distances for the same coordina-
tion shell. It is seen that its magnitude depends not
only on the distortion constant but also on the dif-
ference in the atomic scattering factors of the two
kinds of atoms. The modulations increase in amplitude
in reciprocal space linearly with the distance from the
origin. A result of the theory is that the magnitude of
each [,1,l; modulation is determined.

Huang (1947) has evaluated the summation which
occurs in the final part of (15). With the aid of his
result, this contribution to the intensity may be
written

IH_ 2 zmAci k|2
3 = madsrmapisent L o

sin (2714,/g]) (9_(g k)2
2may|g|

(- k)j_ﬁ)
Igl2k|® 3
>cos (2naolg])}. (16)

7*

3 lgik|2
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The vector g is a vector from the nearest reciprocal-
lattice point to the point in reciprocal space at which
the diffuse intensity is being measured.

It is seen from (16) that the Huang diffuse scatter-
ing, because of its inverse-square dependence on |g|,
is large only near the fundamental reflections. Huang
has pointed out that, for g perpendicular to k, it is
very small. Hence the Huang diffuse scattering is con-
centrated near the reciprocal-lattice points in the
vicinity of a line from the origin through each lattice
point. This, too, is similar to the result of the tem-
perature diffuse scattering theory. The Huang scatter-
ing results from averages of terms of the type
(k- 8,)(k-8,). That the time average of such cross
terms is not zero for thermal displacements accounts
for the concentration of the temperature diffuse scat-
tering in the vicinity of the Bragg reflections. How-
ever, it is in general true that temperature diffuse scat-
tering is distributed in a much more nearly spherically
symmetrical way about the Bragg peaks.

3. Diffraction theory for an alloy with short-range
order

For an alloy with short-range order, it is not possible
to develop a rigorous theory involving only the dis-
tortion constants ¢, and cg and the short-range-order
coefficients o;. It is still true that m,c +mpcp =0,
but, since the atoms are not randomly distributed
among the atomic sites, {¢;)%% does not vanish. Its
value depends on the probability of finding a particular
kind of atom at site j after having specified the oc-
cupants of the two sites m and n. Such a probability
is independent of the usual short-range-order prob-
ability; if it could be measured experimentally, there
would result a more complete description of the atomic
arrangement than is possible from the usual short-
range-order parameters.

For large crystals, the total number of AB pairs
whose sites m and n satisfy the condition that r,,
is a constant, is given by 2mgp,,N, where p,, is
the probability of finding an 4 atom at site n if there
is a B atom at site m. With short-range order, equation
(3) becomes

IZZ% = 2mem7szAfB €xXp [Zk ) rmn]{l +1’<k ) (Sm_sn)>:1n§
_%<(k * Sm)2>7}7}3_%<(k * Sn)2 711"154'((1( * sm) (k ' Sn) Zlg} *
(17)

We define quantities &%5%, &5 and &§3, which
may be functions of the composition and the degree
of short-range order:

k- I’mnG'ﬂz = <k * (Sm_sn) 71'1";3 s
k- rmnsznzbl = <k * (sm_sn) 1;,1”}4 s
k- 1,658 = <k . (Sm"sn) B -

(18)

Consider now the second average of (17):

k- r,)?
(- 8y = 3 (et BT
jEm [Tmjl
b33 (e K-r,k- Tmi (19)

jEm i$j 48 [rmi|3 ]rmils
We are interested in this expression when site n is
far from site m, and hence the neighbors of m are in-
dependent of the occupancy of site n. If p,; is the
probability of finding a B atom at j when there is
an A atom at m, the first average can be written

(ean = eiVE = (1 —Pouy) €4+ PrjC -

The second average can be evaluated only by assuming
that the occupancy of positions ¢ and j are independent
and hence {c;¢;) = {c;){c;). Making use of the fact
that the sum over a complete surrounding shell
2 (e (K - Ty)/|T[° must be zero, since neighbors of

m oceur in diametrically opposite pairs, and that
(&% = (1—=Pmj)Ca+Pmicp equation (19) becomes

’ m - m (k- T,)*
I = (O 87 = S =) () SR
(20)

where the short-range-order parameter is given by
&mj = 1 —Ppj/mp. Similarly,

2M;9 = <(k ) 87:1)2)71{31

-3 (%) "1~ m) (%Jramj) e Tw)” (o1

j+m B Tl

For small values of the short-range-order parameter «,;,
the values of 2M’, and 2M5 do not differ greatly
from the 2M’ given by (8). Although different values
of M, and M}y are to be expected, it does not seem
safe to rely on the differences given by (20) and (21)
in view of the approximations involved in the deriva-
tion. In what follows we will restrict ourselves to the
case of a small degree of short-range order and ap-
proximate M), and M}y by the value of M’ given
by (8).

The final average of equation (17), which gives rise
to the Huang diffuse scattering, has been evaluated
in a very approximate form for an alloy with no short-
range order. The effect of a small amount of order is
probably within the approximations which have been
made, and we will use the same approximate form for
an alloy with a small amount of order.

With the abbreviation % = fp/f,, we rewrite (15)
in a form suitable for a small degree of short-range
order:
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= (m4+mpn)? cxp [-2M]
x X exp [27i IRy lohyH-15h,)]
1303
+(m+mpn)*(1—exp [—2M'])
+mAmB(1_77)2{l+ 2 allill)

higlg+0

xexp [—2M'+H (l,l,l5)] cos 2m(lhy +1ohy +13hs)}

— 3 Blylal)27 Ly +Ughy +Lshy) Sin 272 (L + Lhy +Lshs)
Lilgls

+ (my +mB77)2 2 H,, exp [tk - 1] ,

n4m

T
NJE

(22)
where

Bllals) = my[1—p"(1lsls)]e 4 4 (Lilols)
+2mpp(lls)ne 5 (hlols) +mp[l —p(Llals) In%e gp(lilols) -

Because the weighted average of the distances be-
tween AB, AA, and BB pairs must conform to the
average lattice constant, there exists a relation among
the ¢’s:

m4[1—p" (Llols)]e 44 (ilols) +-2m 5D (Lilols) € 4 5(Llals)
+mp[l—p(lLills)legs(lills) = 0.

With the aid of this relation we may write

,3 (lllzla) = (1- ﬂ){mA[l -9 (l1Z2l3)] €44 (l1l2l3)
—mp[l —P(l1l2l3)]7]538(l1l2l3)} .

In addition to the effect of short-range order on the
size-effect modulations, the Laue monotonic diffuse
scattering of equation (15) has been replaced by the
usual short-range-order Fourier series. However, be-
cause of the size effect, we see that the apparent values
of the short-range parameters are slightly smaller than
their true value by a factor exp [—2M'+H (l,1,0,)].
The size effect on the short-range-order diffuse peaks
is to cause them to be broadened, the effect being
more pronounced for peaks further from the origin of
reciprocal space.

4. Experimental verification of the theory

It has been shown that we may expect to detect the
size effect in the diffraction pattern of an alloy in
what we may consider to be four ways: (a) The Bragg
maxima are of reduced integrated intensity; (b) the
short-range-order peaks at higher sin §/4 are broader;
(c) there is the Huang diffuse scattering concentrated
near the crystalline reflections and along a line from
the reflection through the origin of reciprocal space;
and (d) there are the size-effect modulations of the
diffuse scattering.

To measure the size-effect reduction of the inte-
grated intensity, peak areas were measured with a
Norelco diffractometer for two powder samples of
CuzAu. The first was quenched from above 600° C.
and therefore had no long-range order, while the second
was annealed just below 7', and slowly cooled to room

temperature to give a nearly perfect long-range order.
Except for the size-effect reduction exp [~2M '] and
a small difference in their Debye temperatures, the
integrated intensities of the fundamental reflections
{rom these two samples should be the same. To avoid
difficulties with extinction and surface roughness and
to observe the effect where 1t should be largest, high-
angle reflections of Mo Ko radiation were used.

The ratio of the peak areas of the disordered sample
to that of the ordered sample for the same reflection
should give

AolAp = exp [-A2M))(1-2M");

A(2M) is the difference in the Debye factors for
ordered and disordered CugAu. We have replaced
exp [—2M'] by (1-2M’), the form in which it was
actually derived. Fig. 1 shows a plot of the quantity
{1—(A4y/Ap) exp [4(2M)]} = 2M’

0-3 T T T

02~ o °

- z—gexp[A(ZM)}

01 -
0-0 ! | 1
0-0 02 sﬁg - 06
).2

Fig. 1. Plot of 1—(Ap[/Ap) exp [4(2M)] vs. sin? 6/22 for high-
order fundamental reflections from CuzAu powder using
Mo Ko, Ap is the peak area for a disordered sample
quenched from 600° C., and Ay is that for a highly ordered
sample.

as a function of sin2 §/A%, 4(2M) having been com-
puted to be 0-074 sin? /A2 from the Debye tempera-
tures given by Quimby (1954). From the slope of this
line and with the aid of equation (8), we may write

in2 2 . 1 2
0.43sm 0= mAcA33__7<4ns;n 6) .

With a, = 3-74 A, there results a value of c, of
0-072 As,

To measure the size effect on the diffuse scattering,
we must first consider how to separate the final four
parts of equation (22). The second part is quite small
and structureless, and, with a knowledge of ¢, as
determined from integrated intensity measurements,
one may compute it and subtract it off. The significant
part of the diffuse scattering, I}, then is the sum of
the short-range-order scattering (Igz0), the size-effect
modulations (I;), and the Huang scattering (I).
Shown in Fig. 2(a) is a plot of measured values of
I,/Nf? as a function of %, along the 2,00 axis in
reciprocal space as determined from a single crystal
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Fig. 2. (a) Variation of the diffuse intensity I along the
h,00 axis in reciprocal space for a single crystal of CujAu
quenched from 600° C. (b) The three components of
Ip|Nf% for CuzAu along the £,00 line in reciprocal space.
Solid line: Igro/Nf%; dashed line: I,/Nf%; dotted line:
Iy|Nf3.

of CuzAu. Here %, is a continuous variable which has
the value A, =1 at the 200 Bragg maximum. The
sample was quenched from above 600° C. so that there
was no long-range order. Copper K« radiation, mono-
chromated by a LiF crystal bent according to Chip-
man (1956), was used. Balanced Ni-Co filters elimi-
nated the half-wavelength radiation from the mono-
chromator. The intensity measurements were corrected
for air scattering and converted to absolute units by
comparison with the scattered intensity from a sample
of lucite (C;HgO,) at a large scattering angle. Under
these conditions the atoms of lucite may be considered
to scatter independently of each other. The data were
corrected for temperature diffuse scattering by making
measurements at room temperature, and at —115° C.,
assuming the thermal diffuse scattering to be propor-
tional to the absolute temperature. The data were cor-
rected for Compton modified radiation, and a Hénl
dispersion correction was applied to the atomic scat-
tering factors used.
Along the £,00 axis we may write
I
Nfi

= mymp(l—n) X «(ll]l5) cos 2nh 1,
Uileols
— 3 Bllylyls) @rthyly) sin 2rvhyly + (m 4+ mpm)? 3202
Ilals
mycy h? [10 sindn(4hk,) 2 1
— —cos 4n(Ak)) | .
maat RJEL 3 dmdhy T3 08 (A

The quantity Ak, is the absolute value of the difference
between h, and the value it takes on at the nearest
fundamental reflection. For the moment we neglect
the size effect on the short-range-order parameters
which causes them to appear slightly smaller than their
true value.

In the neighborhood of the superstructure position
hy = 0-5 it may be safely assumed that the Huang
scattering is negligibly small. Hence I,NfZ, except
for its dependence on the slowly varying #, is the sum
of an even function about %, = 0-5 and A, times an
odd function. Therefore the difference between I,,/Nf3
at h; = 0-56+2 and at h, = 0-5—z is independent of
Ispo and allows the determination of I, /Nf3. This
may then be subtracted from I,/Nf2 to obtain
Isgo/Nf3. A similar separation may be accomplished
in the vicinity of A, = 1-5.

The short-range-order peak so obtained may then
be extrapolated into the neighborhood of the funda-
mental reflection (h, = 1) where it is known to be
small and slowly varying. The difference between
I,/Nf2 and this extrapolated curve gives the sum of
I,/Nf% and Ig/Nf? and hence %, times an odd func-
tion plus A} times an even function. A separation of
these two quantities similar to that described above
is then possible. Fig. 2(b) shows the three components
of I separated as described above. The size-effect on
the short-range-order diffuse scattering (b) is to cause
the apparent values of the short-range-order para-
meters to be smaller than their true value by « factor
exp [-2M'+H(l,l,l;)]. Since H(ll,l,) decreases and
approaches zero with increasing [,l,l;, the ratio of the
apparent to the true value of «(l,/,l;) should approach
the limiting value exp [~2M’]. But the fluctuations
in inter-site vectors due to thermal motion affect the
short-range-order scattering in precisely the same way
as those resulting from the size-effect. Though we
have corrected the diffraction pattern for temperature
diffuse scattering, this diffuse scattering is associated
with the fundamental reflections, as is the Huang scat-
tering in the case of the size effect. Hence the ratio
of the apparent to the true value of «(l,l,l;) should
approach exp [—2(M +M’)]. The value of 2M at
room temperature as determined from the Debye
temperature (Quimby, 1954) for CuzAu at room tem-
perature with no long-range order is 2 =1-03sin2 /A2,
Hence 2(M+M’) = 1-46 sin? §/A2. At the superstruc-
ture position Ashyhy = 300, exp [-2(M +M')] is very
nearly unity. However at }00, its value is 0-79.

Fourier coefficients of the quantity

Tspo/[Nfim 4mp(1 —n)2]

along the %00 axis were determined for the 300 and
300 peaks. These coefficients are given by A(l) =
2 «'(ll,05), where the o'(ll,l;) are apparent coeffi-

lalg

cients neglecting the exp [—(2M +2M')+H] correc-
tion. Shown in Table 1 are the ratios of the corre-
sponding 4 (I,) for the $00 peak to that of the $00 peak.
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Table 1

A(1,)(300)/ A (2,)(£00)
0-98
0-90
0-80
0-82
0-82
0-81

o~
-

Gt WO ~=O

The values in Table 1 indicate that for the more
distant neighbors the «(l,l,l;) for the 300 peak are
reduced by approximately the expected value
exp [—2(M +M’)] = 0-79. This is not a critical test
of the value of 2M’ since 2’ is only about 30% of
the value of 2(M +M’). The values do, however, sug-
gest the need for a correction factor for distant-
neighbor short-range-order coefficients when obtained
from peaks well out in reciprocal space. The existence
of such a correction factor for the effect of thermal
vibrations has been suggested (Muldawer, 1952).

The measurements of the Huang diffuse scattering
(c) along the A,00 axis are shown in Fig. 3, compared
with the function

h? [10 sin 4w (4h;) 2

AR2E| 3 “dm(dhy) +§°°S4”(Ah1)}’

K(my+mpgn)?

where the constant K was chosen to obtain a reason-
able fit with experiment. The value of K used corre-

15 T T T T T

Fig. 3. Variation of the Huang diffuse scattering along the
h,00 line in reciprocal space in the vicinity of the 200
reflection for a single crystal of CujAu quenched from
600° C. Solid line: measured; dashed line: calculated.

sponds to a value of ¢, of 0-10 A3, With the ap-
proximations made to obtain the theoretical expres-
sion for the Huang scattering, this seems to be in
reasonable agreement with the value of ¢, = 0-072 A3
obtained from the integrated intensity measurements.

A contour map of the total unmodified diffuse
intensity, corrected for temperature diffuse scattering,
for CuzAu in the vicinity of the 200 Bragg reflection
is shown in Fig. 4. The quantity plotted is intensity
in electron units per atom divided by f2, and contour
lines are drawn at intervals of 0-5. The map corre-
sponds to the ;4,0 plane in reciprocal space. The data
for this map are an extension of the 2,00 data dis-
cussed earlier and were obtained in the same way.

0-25

h

Fig. 4. Contour plot of the measured Ip/Nf% in the h;h,0
plane in the vicinity of the 200 reflection for a single crystal
of Cuz;Au quenched from 600° C. The plotted values are
corrected for temperature diffuse scattering and they
represent mainly the Huang diffuse scattering and the
size-effect modulations.

N7 dx \mu|

It is seen that the radial distribution of the diffuse
scattering near the crystalline reflection predicted by
the Huang theory is observed. That the total diffuse
scattering on the far side of the 200 reflection is less
than that nearer the origin results from the fact that
the size-effect modulations are positive on one side
and negative on the other.

Along the 2,00 axis the modulations of the diffuse
intensity caused by the size-effect (d) may be con-
sidered as a periodic function multiplied by %;. We
may write

Iy = Iy|[Nfihy(n—1)(my+mpn)]
— —3 B(l,) sin 27kl ,
I

where the Fourier coefficient B(l;) is given by

B(l,) = IZI' @nly)(BLilols) [(n—1)(m 4 +mpn)] .
263

The summation is taken over all §(l,l,];) which share
a common value of l;. Division by (n—1)(m,+mgn)
is intended to minimize the dependence of I3, on 7.

If the effect of short-range order on the modulations
is neglected, they may be computed from a knowledge
of the distortion constant c,. For a crystal with no
order, ALl = (ma+mym)(L—n)2msc,flr(ulaly),
as is apparent from equation (15). One may then
readily compute the Fourier coefficients B(l;) of I},.
Shown in Table 2 is a comparison of the measured

Table 2

A Observed B(l;) Calculated B(l;)
1 0-598 0-515

2 0-374 0-446

3 0-536 0-352

4 0-230 0-237

5 0-264 0-132

6 0-112 —

7 0-170 —

8 0-090 —

values of B(l;) as determined from the data of Fig.2(b)
with those computed neglecting the effect of order
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with ¢, = 0-072 A3. The contributions to B(l,) from
the 600 coordination shell and all higher-order shells
have been neglected in the calculations, thus account-
ing for the small computed value of B; and no com-
puted values for Bg, B;, and By

There is rough general agreement. However, the
theory has failed to predict that B(l), for even I,
is small, as was observed. That this is so is a conse-
quence of the shift to slightly higher 26 of the short-
range-order peaks.

5. Discussion

The integrated intensities of the fundamental reflec-
tions are decreased by a factor exp [—2B’ sin? 6/4%]
due to the difference in size of the atoms, and by a
factor exp [—2B sin? 6/4%] due to thermal vibrations.
From the present set of measurements on CuzAu
quenched from 600° C. and measured at room tem-
perature, B’ = 0-22 A% and B = 0-52 A2 The size
effect is therefore roughly half the thermal effect.
A previous measurement by a different method (Herb-
stein, Borie & Averbach, 1956) gave for disordered
CugAu B’ = 0-17 A% Measurements on a disordered
sample of 15 atomic % gold in copper (Coyle & Gale,
1955) gave B’ = 0-32 Az

Since 2B’ = 1672m,c% 33-7/[mpa}], the measured
value of 2B’ gives the magnitude of the distortion
constant c¢,, and from m,c,+mgzcg =0 we obtain
the magnitude of ¢z. In the present case the correct
sign is obvious, ¢, = —0-072 A% and ¢z = +0-022 As,
If the radius of an atom differs from that of the
average atom by Ar, then from the definition of
¢, Arjr = ¢jr3. For CuzAu, (4r[r)e, = —0-031 and
(Ar[r)an = +0-095. From the lattice constants of
Cu, Au and Cu,sAu, and assuming that the Cu and Au
atoms maintain in the alloy the same size as in the
pure element, we obtain (Arr)g, = —0-032 and
(Arfr)ay = 0:091. In this case the assumption that
the atoms maintain their size in the alloy would have
predicted distortion constants ¢, and cp in good
agreement with those found from the exp [—2M']
reduction in intensity. However, it is probably not
safe to assume that this relation will be maintained
in all alloys.

The elastic model which has been used assumes that
an A atom at position m is characterized by a distor-
tion constant ¢, and that neighboring atoms are dis-
placed by the A atom at m in a manner characterized
by ¢4, independent of the kind of neighboring atom.

For an alloy system in which the nearest neighbor AB
distance is closely the average of the A4 and BB
distances, the model is probably a good approximation.

Next to the reduction in the intensities of the fun-
damentals by the factor exp [—2M'], the simplest
effect of the difference in size of the atoms to observe
experimentally is the modulation in the diffuse inten-
sity. Within experimental error the magnitude of the
modulations was correctly predicted by the same
distortion constants obtained from exp [—2M']. We
therefore have a relation between the two effects such
that either one can be predicted approximately from
the other. In detail, however, there is still a discrep-
ancy. There is an outward shift of the short-range-
order peaks which can be considered as produced by
the modulation term. This effect is not adequately
explained by the equation which we have derived on
the basis that short-range order can be neglected.
There is probably a great deal of important informa-
tion about the fine structure of short-range order to be
obtained from this remaining discrepancy.

The Huang diffuse scattering is the most difficult
size effect to observe experimentally, since it is con-
centrated near the strong fundamental reflections and
in the region where the temperature diffuse scattering
is a maximum. As observed in this work, the measure-
ments are probably good enough to verify the qualita-
tive correctness of the expression for the Huang diffuse
scattering, but neither the measurements nor the
theory are good enough to allow quantitative informa-
tion about the distortion to be obtained from the
measured Huang diffuse scattering.

The author wishes to thank Prof. B. E. Warren,
whose guidance and encouragement have made this
research possible.
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